82 Quick Review

2.1 Set Notations

Set « A well-defined collection of distinct. chjects (elements)
< : Subset

e : be\orﬁs ‘o

(Al Nuwber ef elements  (Cardinalttiy) of the set A

Bw\mPle, .11
S:=1{1,>.23

That means S & a set COV\'(TREV\ivxﬂ 2 elements ,mmel«a [,2 and 2.

OR:[,2,2eS

lf T={1.2.3,43% , then we say S is a subset of T.or SCT.
That  means evena elemerst in S is also an element in T .

Notations often used

: set of all natural numbers  (posttive integers)
: sek of all M‘:eaers

: set of all vational numbers

+ set of all veal nwmbers

: get °f allcomplex numbers

empby set . ie. ¢ ={<3\Nc'ﬂ'\inﬂ

- 6 ®» P N Z

fabl : set cf all veal wnumbers . sudhn that asx<<b
ab) : set cf all veal wvumbers . sudh that a<x<b
[a.=) : set cf al veal numbers ~« sudh that asx

ExAW(F\e 2.1.2

¢ A for any set A

Nesze®sRsC

let A= {13,063 . 02T} A consists cf 2 elements . bk i fact each element is again
a set.




E(amPle, 2.1.3

Set cf all -Fosr(:ive. even iw(:eﬁers
{2.4.6, .3

n

{)M : W\SN}

ie. this set consists of elements c:f the fom\ Om Such that mel .

Set cf all 'Fos'rbve. odd ivrﬁeaers = 7 (How o desevibe 2)
Punswer : {om-1: meN?

SeEOPeru'(:iov\s:
Let A. B be o sets.
A B

\

lrsbersection : AnB

Union : AUB
{ . B R
Relative c.omHe.maﬂt of B n A:A\B Relative. c,cvnF(e.mm(: cf A B : B\A
EWI(F‘Q 2.4

Let A=%23  B=H.31 ,.C-{}
A0R = 23 ANC:=¢
AR = AuC = 11,231

(Sometimes ., we use AuC instead of ALC +o emrlmsize tt s a cks\')om(: waion , te. AnC=¢.)
A\B = 113 BAA =133

5<aw\}>|e, 2.1.5
R} : sek of all veal vumbers exce‘sb >
( Cavtion : We camnst wrike R 2 as 2 is not a set !)




AxB : Produt of too sets A and B defr\ed ‘oa& {a.b): achA and beRl

Bmthle, 2.1.6

clee A={1,23% , B={4,51.
AxR={0,4),0,8).,0.4),02.5),3.4), .53
B A= {@& 1), 4,2 ,@4,3),05,1),(52) (5,38

. RxR:R = f(x,a) : 1,|a_e!R'} = set cf 'I»MES on a Plav\e

Vv : for all

3 : there exists (at [east one)
al. there exists uniiue

- . .32 oo Hhen = : inplies
«—):i&av\donlg_lf (=)=e%;&va|ey\'t'bo
S*t.: such that

A+ and v i+ or

= : not

Exanple 2.1.3

v yelo.0), I xeR st ey

{ tonslate

For all posttive veal rumbers aa,'U'\ere exists (at least one) real rumber ~
such  that 'x}=«3.

Cln #act x:.l?a or x:-J%)

Y (ae(o,oo), A! xe(o,0) st. x":a_.

{ tronslate

For all pesttive real rumbers Y . there exists unique positive- real number
Such  that 'f‘=13.

(n £act., x=dy onlaf)




E><am]>|e, 2.1.8

Let x>0 , (3=.J-:_z. i |&’=x 13=,h_(_ = .a’gx
g% N g (hg )
ExamFle 2149
ln ARRC,
LPBC =9c° = MR +BC = AC (Rgth. Ham. )
PR+ BC = AC =5 /PMRC =90 (Corverse of Pighin. -toum.)

we denste by LRRC 290" < AR + BC = AC*

22 TRelation

Defivxram:..:..l

A«elaaon’kfvmassz—eaase(-_z s a subset R cJeAxB.

Alko, we sauy that ‘a s related +o b” f @by eR , Sometimes 1t can be densted by &Rl or ank.
We denste the rtla:ﬁov\ba_'Rcr~.

n ‘Farhculaw,?fA-B.'&vev\'Rissaid-babearelaﬁm defined on A.

Bo»wlﬂe. 2.2.1

let A={233 B=13.4.56%.

Let R be a relation from A o B gven L’%} R={ab)eAxB :b is dusible by a3

Then Re{G.4),6.6).@32).G.

Remark : Given a velation ‘Rfmm a seb A 4o a seb B, R conmsists uf pas cf (@.b) Sich that
a and b are related in some sense.

Ew\Ple 222
Let R be a relation dzﬁned on Z which is agwven 53 a,b)eR f b-a is divisible ba 2.
Then the relation can be viswalized as : x




EcamFle 223

LebLBe-Hr\esetéfall S‘Ermgkt lnes 1 R (in usual sense) .
Let R be a relation deﬁv\qdcn L ouhich s gwe.v\ l:\a (l.,ﬂ;)e’R'fL//L.

BamFle 224

Letk @ be -the set 6f line segment n B CGn usual sense)
and |t (F=P—'TR+ be e distance fmcl::m . ie. v.(:(s)-xdisbance ef line segwewts.
Define = as a relation on P sudn Bk s.&s, tf PIS) = 1p(sa) .

We. can also deflwa ancgbhrer relation < on P/z sudn that [s]2(s.] (f PSS

BWﬂFle. 225

Let | be a velation on N such that m.neN and nlm § m is didsible b-a_ n.

D#Ml'blovx 222

Let ~ be a relation defined on a set A.

Then ~ is sad to be an e%awaley\cz relation _on A_1f
) (rgflexwe.) a~a for all aeA

2) (gamw\cbric.) f a~b ,tren bra

2) Cbransitive ) \f a~b and bac, then a~c.

Bawale_ 22 6 /Exercise 221

The velations  in examFIe 222,223 and = in exaMFle. 224 are acﬁwalla_ e%uivalence. velations .
'Rmark:hnegoumlevczfeldtiwov\asetA-(:el\susw\neﬂrser‘baoelemerfb&inﬁme%m.lh

Some _sense.

eq. S, and 8, are line evcts
/ \ % erent =3"
but l‘f we dmfa line. Segmewts ba, “Hheir lengﬁrs.

S 2 (S they are regarded 4o be “the. “same .
Lok S be an cksbuct space and leb © be the st of all lne Segmact in S
lnstead of using ler\gﬂr\ Fanction , we. can 'Fk.k a sibset (celation) R PxP and
say s.s.e® ae the ‘same  (or e%u\imlewb) lf (s..s)eR.
Nal:tm:dlua, R should be dhosen such Hhabt tH is on e%advalewee, relation .



Ecaw?le 22 F

‘De:ﬁm_ a relation R on ZxZ* (e RS(Z2xZ)%(2xZ%)) where Z*-2\{s3 os the ﬁ(\w"\a:
(vn,vx)~('P,Q:) f vv\%-v\F=o.

(Think : lf we_ have two fmd'ions % and -% where w\,FeZ and n,%el*.‘ﬁ\ea con _be

\re?da:l as elewmeats cf 2z xZ*. Als«:;,‘ﬁnena are -Hre same f and on\xa_f m%-wrso,)

Show that R s an e%uiva(ence_ velation .
) |f m ) eR | then (mn)~m,n) Since.  mi-mn=0
2) |f 0“’“)'(?’%) ceR and (m,vx)~('|>,%) , Hhen mg -np = © whidh wmeans Fv\.-%wwo as well .
('P,%)~(m,n)

2) lf tnond, (p.g) (rS)eR, (mmn)~(p.g) and (p.g)~(r.8) then Mm@ -np = pS-qr= 0.

g lms-ne) - MEg - nPS - g + nps

= S(W\%- nP)+n(‘Fs-9br) =0
90710 = mS-nr=o

. mn)~(r,s)

Exercise 222

Prove that ~ is an equivalence relation on A if and onla 32 botha cf-e/\e.-fonowin% hold
O a~a YaehA

2) kf anb and a~c ,then b~c.

Remark : S-gnwﬂbﬁcavd'bmnsi'ﬁve condrtions are.'lw&blwto a.sivgle statement. .

'Defw\\'bion A3
Llet ~ be an e%niva(ev\ce. relation on tHre set A.
fad={beA . a~rb} is colled Hthre e%uﬁva.‘ewce Class cf a Lua ~.

Ama element cf an e%xwa.(ence cdass is called a reFreseKbahve
A/~={tal: acAl) 1s called -the %«suewe set of A L:la_ ~.




ExamPle. 22.8

K R is the eguivalence relabion on Z which is gven by (@b eR § b-a i duisile by 3.
Note trat ... :T61=02T1=[61=-- (= {3m :me2})

o 2TT=041=03T=-- (= fam+i.me2})

2T (6181 =-- (= {amaa:me2})
23= 2/~ = {Is3,0L3 233 .

There are mla_-(:\mee. e%x«vo.(ence. classes and also we can observe Hrak Z =[o] u LI ula].

Exercise 2223

Consider He velation & on P in e«:mFle. A4 , deserible P/ .

(Ans: P/e s a set af e%uiva‘ence_ classes  where each cf them ® a Subset of line
seamen-(s with same. lengﬁn .
Also . note that @ is Hhe disjoint wnton of equivalence. classes )

We can gevﬂrnlize_ the okove as the —fallo\.swg:
"Prurosr(:ion 2.2.1
Let ~ be an eguivdence relation on the set A. Then
1) aelal -for all aeA
2) [@1=1a] |f and ov\% f a~a
2 A e.gbua‘s to -the chs)oivd: wnion cf eﬂ)uivaley\ce, classes .
precf
1) Trivial , Since a~a fw- al achA.
2) "= Pssume [al=Tdl.
Erom 1, delal=[al , se a~al
‘<" Assime a~a’.
Let belal. By defivition a~b .
an~d and dab 2 acb S bela] = Tlch]
By Similac orgument . we can show Haat Gstdl.

S LA =I4].




3) Since every eguivalence class is a subset of A so does the wnion cf e.%uivaleme_ classes .
For all aeA . \:-a 1, aef@l ,so a l:e‘onas 4o the  union cf e%,\iva(ence_ classes .
" tanion cf e%uivaley\ce, classes = A and what remams to show i Hhe wiion is a disJo‘iwt wnion.
te s equivalent. o show TJE celalatd |, then Ga-ms1.
cel@laldl = anc and bnrc
= ark  (bac=s cab)
= D= (by 2)
Sometimes , we. sy, ok, tre eguivalence. classes fom a partrtion of A.

A
a | b n
an~a’ a
] U] S 1| A/~

'Defmﬂ:im A4

P\Far(:ial order velation on a seb A 18 a relation = (uswzllca_ densked bua_ < instead of ~)
such  that

D) (rzﬁexlve.) aita fwr all aehA

2) (mbis-anmzbfic_) rf aib and bia  tren a:zb.

) Cbransitive ) if azb ad bsc, ten aszc.

Ecm\Fle 229 /Exercise 224

The velation in examrle 225 and 2 in ere_ 224 are a.cha“a_ Fm'(:ia.‘ ovder relations .
Remark : A Far(:ia\ order vrelation on a sebt A +ells uws cow?ariSvan cf Favﬁcular 'Faiv-s f
elemerdtR in A In Some sense.

However , not e.Verg_ pair ef elemerits i A con be C.cw?avecl ,le. Hhere evist distinet a.beA

such that both a4b ond bia are nebt bue.

“

For ewale.,c:uvsHex-w in ea«:wFle 225, we have 3|6, but beth S1F and F|5 ar not tue.
K leads the fb“bwlwg defivx\'tiov\.




Definrttion 2.2.5

A <otal order relation ono.sabAlsa.rela-Eions(usmll.adendaed by % instead of ~)
such that

n(m(-.ig.ammb—ic) ‘f aib ad bia , then a=k.

2) Chransitive) lf aztb ad bsc, ten asc.

2) ('tcbalﬂ:g) fb\* al a.behA aib or bia .

Remark : The last condrbion 8ua.vml'.ea us every pair cf elemertts W A can be C.Dmfomed

Furthermore , a strict total order relation < associated lma a tstal order relation =
canbedefv\edba a<b rfcw:\av\la_nf a<b ad atb.

Exercise 223
Show trat a +otal order velation s a For‘:'wd order velation .
(Arns: Consider @) and azb = aia VY aeh)

EsWnPle 222 / Exewise 224

The velation < in mw\?le 224 8 a +total order velation but -the relation in examFle 22.8 i wnet.

‘PY'UFGS\‘HOV\ 222

let < be a strick tstal ovder velation on A and lek a.b,c e . Then,
D (branstbive) a<b and b<c = a<e
2) (oridastomous) exacﬁxa one °§ a<b ,a=b b<a is true
Pt
D a<b = azib and azb b<c = bz2c and bgze
~ a2b and bzic = axzc
Whak we remain 4o shan is afc .
Suppese that azc .then we have azb ad bic:a which fbrees a=b (Conbradiction)
. atfc

2) Direck < mence. cf -b:sEalrba cf a +otal order velation.




A%am,ld:SBe.ma‘nsbwdc Spoce and (z(:@be_'ﬂr\e.sztcjall lme.seawmblns.
lnstead cf usm% a lerg(:ln -fwc(:iw\,we. can 'Fn:k a silbset (relation) R € Pl = Pfa and
Sompare. [s)l.8Jde Pl lf (s..sDER.

NA'QMY'U«“%, R skwld. Be c‘nosey\ ch‘/\ ot e s a total order velation.

23 Functions
Definttion 2.3.1
wac(ﬂmffmm A+4eB 15 a relation frbm A4t B (e fsAxB) such -that
O prf)=lachA @blefi=A
2§ @b .(ab) ef .then bizb,.
The set= A and B are sad to be the domain and codomain of-une.f»\cbmfm.s?ecbvel%
(magecf) =R =) prach) ~{beB . abefl is sad 4o be the range of £
We denste 1t by §:A—B and we wite fw:b or abb § @bt
Remark : <1 Guarantees that s well-defined and

@) Wtaas '@utf(:eA is se:f-bo ”

a um?re clemenrtt in B

B -fs AXB

>

Pn(—f)ﬂ-\ -

EmmPle, 2.3.1

Addrtion cf real numbers con also be re%arded as afmcﬁon f:Rx‘R—bR de:ﬁreel ba_ ffa,bha.—t-l:.
In éewera.l |¢Shas¢t.a:ﬁmﬁw\ f=SvS—~S is_said to be a bi“”& cFeraﬁov\ on A.
Sometimes , we S‘W\F‘ta_ write axb +o dencte f(a,b).



lnjec(-jve anrd Sw:)ec:(:we. Functions

Ivbuitive. idea. :
B B A B
in:)e.chve + %wr:)echve. '(v:')ecl"Ne bt  NST va]e:hve
A B A B

Swr:\echve. bwt  NoT ‘w\:]echve
1v3e.chve »evevy ‘4 er-avxﬂe (f) Comes —ﬁom exac'Hg one  xehp
sw:)echve - every \aeE Comes —'ﬁvw\ one. x e B

-Dejivﬂ'bion‘z,s.\
Let §:A>B be a function.
1§ 1s said to be an injective Function 1

SIGOEE CREE A S N
(Es?lana&onzwe-&\eowtluxtam-&\em,ﬂniwpz& must be the same )
2) fzssazd-tobe_amgecﬁvefumhmf

VyeR  a=xed st Feo =y e =B
B § is both wective and sujective , then it s sad o be bijectie



'Defin\-bion 2.3.2

Let $:A—B be o fuction 1§ g:B=A is a function sudh Bt
0 3c39w) =x  YxeA

2) fcﬂoa» =y Vygeh

Wenjissmd-tobeaninversecff.

Theorem 2.3.1
0) lf an _inverse cf f exists, s unique., SO We dencte b«& f-'.
2) f has an inverse lf and cmla. «f f is buec{:ive.

EmmPle, 232
f:]k—ﬂk defiv\ed b‘& -feo:-x? is_nerther jective nor SWJed:ive

fsto,oo)-oto.u) defined "‘& fwzf is bijective.. Hs inverse f“':to.oo)-»to.») s densted l"& féo.li

BmmPle, 2.2.2

let A=f1,2.33 , R={a.b.cl and let sz—»'B defired Eqa funa.,fmdg ,f@)=c.
K can be dheck dire.c‘tlta “Brat f is bﬁecbive..
Remark : Naivel\a, lf f:A—»’B s a bﬁec&'we. fﬂ\cﬁon,-ﬁr\en ﬁe“vwn)oefhf clements m A and B

are the same.

ExamF\e, 23R

Let @ be Hhe set of line segment in R Cin tsual sense)

ard let 0 @K be the dstarce faction. ie g = distance of line seguent 5.
a) Show Hhat ¢ s Swr:)e:tive. but wet \vjechve.

b) Lebt = be e e%a’wa.\m relation on @ sudn that s.2s, -f PIS) = (pis).

Let G Ol —TK be a Fanction dejaned ba PIs1) = pesy

Show that & s well-defined and  bijective.

(Hence, P/ lhas Hre same number & clements as R.)




2.4 More on E%Aiva(ewce. Relation .

S-»‘:Foservisav\ %Aivalence re(a-(:iov\onAav\d*isab‘cmna_oFera(:ion on A
Main %ues(:iov\'- Does #» induce a bimna_ cFe,v-nt(:novx % on A/~
thtwmlha: We -b—.a o defane_ 1%k =[axb] .

Trouble : H may kaﬂnvx Hhat a’eld] ., belb]l (ie. ara’ and babk’) but Rxk]#lxb] Ge axrbgaxk).

A
a b Q * B
a |;,' a’'xy
@ Gol ... [asd A/~
LA LK Lokl

What we re%,we. lf a~ra', b~k ,then axbra'xb .
Theorem 2.4.1

* induces a b‘umna_ dFerabovx % on A/~ uf e above condition holds .

For s.w?lk:.rha_ we abuse -the use vf netabion and  dencte the bimra_ oFeru'(:ion on Al~ bé * a%aiv\.

Exmv\rle A4

relat R 2*2* 1 le 225 . addition d 2
Deﬁv\e_ a on on as in_examp - Z*fov\e
'Define. a E'maﬂa oFeur(ﬂon (addition +) on Z=2Z" l:.a (m,n)+('[>,%)=(w\%-l’in:{>,n%).
Think : 'Reaard (mn) as B, (w\,v0+('[>,%) is clefiv\ed as w—\%:%t D) W:\M;a acklition
If m,n) Al n) and (?’%)N(Pl'%') , Le. M-mv(='|>%'-2’]>’=o

(m',v\')+('P’,Q'>) =(w\'%'+vx’:l>’,ni) ;
Then (m%+n:[>)n%- V\%(w\'%'+n'?') =0 = (m,n.)+(“>,%) ~ (m',n’)+(‘|>’,@
o \We can eleﬁv\e addition on B = Z xZ* [/~

Remark : Us‘mllta,\.ee. saa_ %%e@. _To be 'Frecuse\'bs\v\ou&el be ['T],[%_-]eﬁ

(L] +[3] = [L+3] (+ is defined on B, + s defied on ZxZ")

(=2 1p1-05] g~ )

However , we can :frezlua_ take otner v-e?resmhr\bves in [IT]:[%] - Say %e[';] ard %—_e[%_—] ard
(14137 = [ ok ] - [2peiee) (3] - (5]




Exercise 2.4.1
Let ~ be -the e%uwa.lence relation on Z dzflv\ecl " evcamPle. 222
Prwe, Hhat  addition uf Z induces an addition on Z/~ .

Eercise 2.4.2

let ~, be an e%mala\ce relation on A and ~, be an e%u'uva.ley\ce relation on Alw~,

Let ~ be an relation on A defined by a~b "fEaJ~,E\=].

Prove. that ~ is an e%uivalence relation on A and A/~ 2 (A/n)/ny , %o be precise there. exists
a_bijective. fanction §: Aln —(B/~)/ns

A
~y *.clewt'r‘ﬁes
N, T&QWE iQSJ ‘/":‘
—{.: Thais %ives an e%.\‘wa(evxce velation on A
’J’ A/~
Ny icle,wt}fjes/ / (A/~.)/~:
—n\iV\k:

Let P be -the set ef Iinesegmen'(:lhﬂi- (in_usual sense) .
How do we deflne. addition on © 2

Si+S.
S, -flx S, and move =,
&2

However , there is an cm\'oigw-ha . which eve\FeMt cf s, should we connect ?

7
e
7
7
o / ;
rd
//,

—rke\—egwe, nstead of e ,ac‘bm.llg we define acddibion on P/ . Leb BI1.0sd € Pla .
Then , we deﬁne [S1+T81 =TS1 where \(xs)-.\(cs.)nfcs,) (wwa * = ueu-defmed )



o~

onla_ an e%u&valehce relation on P, how do we defiv\e addition on Ple 2

Here is -the idea (detail

will be  discussed  later ) -

Let ® be the set cf all ovierted line Seswewbs.

B B
/ / '(:lf\e% are resoxde.el os  distinct elements n .
A

A
AR &R

AcHi'bionon scmbe-d%(\r\edas
B

A//fi\ g to define AR+ D as

where E lies on the lve -Fassing -EJArov%L\ A and B
A

Deﬁnea.re.la‘tionf»ong such that BB ~ BR .

Actwalha, ~ is _an a%uNo.lenc.e. relation and (B/n) = @

Then it gives an e%udvalence. relabion ~ on B suds that  Blee = (B/) /= - Pls .
We would alse like +o show Hrat addrtion on (=] induces an addition on 6/~° = Pl
Recall “thecrem 2.4.1

. whhat e have 4o show is
'rf Kg'v.ﬂg' and £~.€’1’>” ,hen AR + CD ~, BB + CD .

However, lf S g an dbsbact space and there 15 vio distance f«v»ctjovx ”‘8‘"‘“

bt



